
Gauge/Gravity Duality, Winter 2024/25

Lecturer: Dr. Falk Hassler, falk.hassler@uwr.edu.pl
Tutorials: M.Sc. Luca Scala, luca.scala@uwr.edu.pl

8. More Supersymmetry & String Theory (19 points)

To be discussed on Friday, 13th December, 2024 in the tutorial.
Please indicate your preferences until Sunday, 08/12/2024, 21:00:00 on the website.

Exercise 8.1: A toy model.

Consider the following 4d N = 1 theory where the supersymmetric chiral multiplet has a
complex scalar field φ and a left-handed Weyl fermion ψ = {ψα}α as components. These fields
are massless and non-interacting. Therefore, the Lagrangian will be in the form

L = −∂µφ∗∂µφ− iψ̄σ̄µ∂µψ.

a) (2 points) Show that L is invariant under the supersymmetry transformations

δεφ =
√
2εψ,

δεψα =
√
2i(σµε̄)α∂µφ.

b) (3 points) Apply Noether’s methods, which we discussed in the first lecture, to construct
the associated supercurrent.

c) (4 bonus points) Construct the Weyl spinor Noether charges Q associated to the super-
symmetry and show that

iδεφ = [εQ+ ε̄Q̄, φ],

iδεψ = [εQ+ ε̄Q̄, ψ] .

Warning: This one might be a bit harder, but promises a lot of fun because you have to do
canonical quantization for the charge Q. Saying that first you rewrite your result for Q in
terms of the canonical fields and then assume canonical (anti-)commutation relations for
them. After all this work, you will be rewarded with this beautiful algebra.

d) (4 points) Consider two transformations δε, δη. Acting with [δε, δη] on both φ and ψ, and
knowing from the equations of motion that σ̄µ∂µψ = 0, show that the supersymmetry
algebra reads

[δε, δη] = 2i(ησµε̄− εσµη̄)∂µ.

The commutator amounts, then, to a translation by ησµε̄. Note that the fact that we had
to use the equations of motion to prove closure of the algebra implies that the closure is
only on-shell.

Exercise 8.2: Polyakov action.

a) (3 points) Show that the energy-momentum tensor

Tαβ(σ, z) =
1

2πα′∂αX
µ∂βXµ −

1

4πα′ηαβ∂
γXµ∂γXµ,

is conserved and traceless.
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b) (4 points) Introducing lightcone coordinates σ− = τ − σ, σ+ = τ + σ, one can write the
mode expansion of Xµ as

Xµ(σ+, σ−) = xµ + α′pµτ + i

√
α′

2

∑
n6=0

1

n
(αµ

ne
−inσ−

+ α̃µ
ne

−inσ+

),

and of the stress-energy tensor as

T−− =
1

2π

∑
n

lne
−inσ−

.

Show that

ln =
1

2

∞∑
n=−∞

αµ
mα

ν
n−mηµν ,

where αµ
0 =

√
α′

2
pµ.

c) (3 points) From the Poisson brackets{
∂

∂τ
Xµ(τ, σ), Xν(τ, σ′)

}
= 2πα′ηµνδ(σ − σ′),

one finds that

{αµ
m, α

ν
n} = imηµνδm+n,

{α̃µ
m, α̃

ν
n} = imηµνδm+n,

{pµ, xν} = ηµν .

Verify that

{lm, ln} = i(m− n)lm+n,

{lm, Xµ(σ−, σ+)} = ieimσ−
∂σ−Xµ(σ−, σ+).
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